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ABSTRACT
Let H be a commutative, cocommutative and faithfully projective Hopf
algebra over a commutative ring R. Using cohomological methods, we
obtain a description of a subgroup of Long’s Brauer group of H-dimodule
algebras:

BD(R, H)=Gal*(R, H) X Gal'(R, H*) X, Br(R),

where the map  is induced by the smash product, and where BD*(R, H)is the
subgroup of the Brauer—Long group consisting of all elements which are split
by a faithfully flat extension of R. As an example, the Brauer-Long group of a
free Hopf algebra of rank 2 is computed. The results are also applied to
Orzech’s subgroup of the Brauer-Long group.

0. Introduction

Between 1969 and 1975, several generalizations of the Brauer-Wall group of
a commutative ring have been proposed by different authors. The most natural
of these generalizations was proposed by Long in [25]: he defined a group
classifying equivalence classes of algebras equipped with an H-dimodule
structure, H being a commutative, cocommutative and faithfully pro-
jective Hopf algebra over a commutative ring R. All previously introduced
generalizations turned out to be special cases and/or subgroups of Long’s
Brauer group.

Long’s Brauer group is usually denoted by BD(R, H), and has been studied
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mainly in the case where H is a group ring over a finite abelian group G;
we refer to [6-8, 10, 13, 15, 16, 24, 30, 31, 36], for different computa-
tions. The Brauer-Long group has a complicated arithmetic structure,
and is connected to other interesting invariants of R and G, such as the
Brauer group, the group of Galois extensions and the automorphism group
of G.

So far, almost no specific results have been obtained in the case where H is
not a group ring. M. Beattie pointed out its relation to the group of H-Galois
objects (cf. [4, 5]), but, apart from that, little is known. In this paper, we
generalize the methods applied by S. Caenepeel and M. Beattie to the case of a
Hopf algebra. This is done in two steps: first, one considers the subgroup
BD*(R, H) of BD(R, H) consisting of all elements split by a faithfully flat
R-algebra S. This subgroup may be described using derived functor cohomo-
logy on the flat site; it is shown in Section 3 that BD*(R, H) is a twisted product
of the first cohomology groups of the sheaves of grouplike elements of H and its
dual, and of the torsion part of the second cohomology group of the multiplica-
tive group of units. Equivalently, one may state that BD*(R, H) is a twisted
product of the groups of commutative H-Galois and H*-Galois objects, and of
the Brauer group.

The second step will be to compute the quotient BD(R, H)/BD*(R, H);
this will be the topic of the forthcoming paper [9]. It is expected that
BD(R, H)/BD*(R, H) is a well-defined subgroup of the group of Hopf algebra
automorphisms of H @ H*. The methods involved will be mainly based on the
Skolem-Noether Theorem and its generalizations.

After introducing some notations and stating some preliminary results in
Section 1, we give a cohomological description of the group of commutative
H-Galois objects; it is shown that this group is isomorphic to the first
cohomology group of the sheaf of grouplike elements of the dual Hopf
algebra. As an application, we give a cohomological proof for the Kummer
exact sequence in the case of a Hopf algebra. In Section 3, we describe
BD*(R, H) as the twisted product of three cohomology groups. Here
we generalize Villamayor and Zelinsky’s construction of the embedding
Br(R)— HXR, G,,) (cf. [38]). A particular example is given in Section 4,
where we discuss the Brauer-Long group of a free Hopf algebra of rank 2.
For instance, if R =Z[\/§], and H is the self-dual Hopf algebra of rank
2, then BD(R, H) = D, the dihedral group of order 16. In a final section,
our results are applied to Orzech’s subgroup of the Brauer-Long group
(cf. [31)).
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1. Notations and preliminary results
1.1. Modules, comodules and dimodules

Throughout this paper, R will be a commutative ring with unit, and H will be
a Hopf algebra, which is, unless stated otherwise explicitly, commutative,
cocommutative and faithfully projective as an R-module. We call an R-
module faithfully projective if it is finitely generated, faithfully flat and
projective. We use the following notations for the structural maps of H:

A=A4: H— HQ®H, the diagonal map;

€ = gy : H — R, the counit map;

U = uy: HQ® H — H, the multiplication map;
n =ny: R — H, the unit map;

S =Sy : H— H, the antipode.

We will often omit the subscript H. We will also make extensive use of
Sweedler’s notation; for example, we will write, for A EH,

Ah = 2 h(1)®h(z),
*)
(1®A)AR = (hz) hoy @ hoy @ bz,

etc. For more details concerning the theory of Hopf algebras, we refer to
[1,34). GH)={h€EH:Ah = h @h and Z(h) = 1} is the group of group-like
elements of H, and will play a key rdle in the sequel. Also recall that H*is also a
Hopf algebra, and that
Apge = (ug)*, e =(ABp)*, e =(Mu)*, N = (Ue)*, Sgx=(Sp)*.
A (left) H-module M is an R-module M, together with a map
v=yy - HOIM—-M

satisfying
(1) y(hg@m)=y(h Qu(g@m)),
Q) y(n(r)®m)=rm,
forall h,g€EH, mEM, r ER. In the sequel, we will often write

wh®@®m)=h—-m.
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Also write
MEf={mEM:h—m=¢h)m, forall LEH}.

An R-module homomorphism f between two H-modules M, N is called an
H-module homomorphism if it preserves the H-module structure, that is

YUne (1B f)=fouwy.

H-mod will denote the category of H-modules and H-module homomor-
phisms. If M and N are two H-modules, we can define an H-module structure
on M ® N and Hom(M, N) as follows: (hEH, mEM,nEN, f: M —N)

h—(mQn) =ME)(hm->m)®(h(z)—>n),
(h— f)m) =Ul2)h(1)_’(f(s(h(2))_’m»-

In a dual way, a (right) H-comodule is an R-module M, together with a map
X=x-M—-MQH

satisfying
(1) Py =(1Q4),
Q) 1Qe)y=1.

We will also use Sweedler’s notation for comodules:

x(m) =% mgy & my,.
(m)

A homomorphism f: M — N is called an H-comodule homomorphism if
e f=(f®1)oxy.

Com-H will be the category of (right) H-comodules and H-comodule homo-
morphisms.
We may define a functor

F:com-H — H*mod
as follows: on M €com-H, we define an H* module structure by letting

h*_’m = 2 h*(m(l))m(o)
(m)

for all m EM, h* € H*. Using the fact that H is faithfully projective, we may
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show that F is an equivalence of categories. Using this equivalence, we may
define an H-comodule structure on Hom(M, N) and M ® N, for H-comodules
M and N. This structure is given by the following formulas:

Inen(m@n)= 3 mgQng® myyng,
(m),(n)

wNHm= X f(m(O))(O) ®f(m(0))(1)s(m(1))-
(m),(fime)
An R-module M which is at once an H-module and an H-comodule is called an
H-dimodule if forall meEM, h€H,
(hZ | (h— m)(0)®(h —m)y= (2 h— m(0)® My,
-m m)
that is
Xov=(W®1)ex.

H-dim is the category of H-dimodules and H-dimodule homomorphisms.
An H-dimodule homomorphism is an R-homomorphism which is an H-
module and an H-comodule homomorphism. Applying the functor F defined
above, and its inverse equivalent, we obtain equivalences of categories

com-(H @ H¥) = H-dim = (H* @ H)-mod.

1.2. H-module, H-comodule and H-dimodule algebras

Let 4 be an H-module and an R-algebra. We say that 4 is an H-module
algebra if forall AEH and a, b€ 4:

(1) h—=1=¢)l,

(2) h—(ab)=2Z, (hay— a)(hgy— b).
Similarly, if A is an H-comodule and an R-algebra, then we call 4 an H-
comodule algebra if for all s€H and a, b EA4:

M) x(H=1Q1,

(2) x(ab) = x(a)x(b).

If 4 is an H-dimodule, an H-module algebra and an H-comodule algebra,
then we call 4 an H-dimodule algebra.

Given an H-module algebra 4 and an H-comodule algebra B, we define the
smash product 4 # B of 4 and B as the tensor product 4 @ B of an R-module
and with multiplication defined by

(a #b)(c #d) = (bz) a(b(l)_’C)#b(o)d.
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If A and B are dimodule algebras, then the smash product 4 # B furnished
with the dimodule structure on 4 @ B is again a dimodule algebra.

The H-opposite algebra A of an H-dimodule algebra A4 is equal to 4 as an
H-dimodule, but with multiplication structure given by

-(; 'E = 2 (a(,)—> b)a(o).
(a}

1.3. Some notations

In the sequel S will always be a commutative faithfully flat R-algebra. S™
will be a shorter notation for the tensor product of n copies of S over R. The
tensor product over S will be denoted by ®,, and the tensor product over R
will be simply denoted by ®. We also define maps

& S(")_’S(n+l)
by
(5,0 Qs,)=5Q:--R1Q--:Qs,
fori=1,...,n.If MES™-mod, then we define
Mi = M®n S(n+1),
where g : $™®— $®*1 is an S™-module.
1.4. Lemma (Faithfully flat descent for H-comodules and H-comodule
algebras)

Let S be a faithfully flat commutative R-algebra, and let M be an
H @ S-comodule. Suppose that g: SQM — M QS is a descent datum in the
sense of [21), and that g is an H ® S®-comodule isomorphism. Then there
exists an H-comodule N and an H Q S-comodule isomorphism o NQS - M
such that we have the following commutative diagram of H ® §®-comodule
isomorphisms:

SON®S—2° . s@M
(1.4.1) @1 le
N®S®S—— M®S

(N, w) is unique up to H-comodule isomorphism; furthermore, if M has the
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structure of H ® S-comodule algebra, and if g is an H @ S®-comodule algebra
isomorphism, then N has a unique H-comodule structure such that w is an
H ® S-comodule algebra isomorphism.

Similar properties hold for H-modules and H-module algebras, and for H-
dimodules and H-dimodule algebras.

PROOF. LetN ={xEM:x®1=g(l ®x)}.Itis well-known (cf. [21]) that
N is an R-module, and that w: N®S — M, given by w(n ®s)=ns, is an
S-module homomorphism making (1.4.1) commutative. Therefore, we only
have to show that the comodule structure map y,,: M — M Q@ H @ S restricts
toamap y: N— N® H. Observe that the map

gR1:(SOM)B,(SOHRIIS)=SQMRIOHRXS)
“(MQS),(HRSQRS)=(MRIHRS)®S

is a descent datum for M @ H @ S, and that the descended module is NQ H.
Therefore, it suffices to verify that forall nEN,

u(n)®1 = (g @ 1)1 ®xs(n)).
Invoking the fact that g is an H ® $¥-comodule isomorphism, we have:
()1 =xyes(n ®1)
= Xnes(g(1®n))
= (8@ D(tues(1@n))
= (g ® 1)(1 ® xu(n)).

The uniqueness follows easily: suppose that (N, w) and (X, k) are two
solutions of the problem. Then p = w 'k : K® S — N QS is an isomorphism
of H® S-comodules. In [21], Knus and Ojanguren show that p = 1 ®a, for
some a : K — N. Since p is an H & S-comodule isomorphism, it follows that «
is an H-comodule isomorphism.

If M is an H ® S-comodule algebra, and g is an H ® S®-comodule algebra
isomorphism, then, according to [21], N may be furnished with an algebra
structure. Arguments similar to the one given above show that N is an H-
comodule algebra.

The corresponding properties for H-modules and H-dimodules follow
by duality: one uses the category equivalences H-mod=com-H and
com-(H @ H*) = H-dim.
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1.5. Invertible H-dimodules

Consider the following categories:

Category Objects Morphisms

FPC(R, H) faithfully projective H-comodules H-comodule homomorphisms
FPM(R, H) faithfully projective H-modules H-module homomorphisms
FPD(R, H) faithfully projective H-dimodules H-.dimodule homomorphisms
PC(R, H) invertible H-comodules H-comodule homomorphisms
PM(R, H) invertible H-modules H-module homomorphisms
PD(R, H) invertible H-dimodules H-dimodule homomorphisms

Let K,PC(R,H)=PC(R,H), K,PM(R,H)=PM(R, H), K,PD(R,H)=
PD(R, H). These new versions of the Picard group may be easily related to the
classical Picard group Pic(R).

1.6. Proposition

(1.6.1) PC(R, H)=Pic(R) X G(H),
(1.6.2) PM(R, H) = Pic(R) X G(H*);
(1.6.3) PD(R, H) = Pic(R) X G(H) X G(H*).

PROOF.
(1.6.1) We define a map

F: Pic(R) X G(H)—PC(R, H)

as follows: F([I], h) = [I(h)], where I(h) is equal to R as an R-module, and
with H-comodule structure given by

X(x)=xQh
for all x €1. This defines a comodule structure, since, for all x € H:
GONUN =GR DNxBh)=x@rOh = (1A)x(x))
and
(1®e)x(x)) = (1®e)x ®h) =e(h)x = x.

Let us show that F is an isomorphism of groups; it is clear that F is a
well-defined homomorphism.
Consider I EPC(R, H), and let [ be equal to I as an R-module. Furnish [
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with the trivial H-comodule structure. Then I* @ = J = R as an R-module.
Therefore
u(1)=18h

for some h € H. Then 4 € G(H). Indeed,
1=(1®e)(1)=(1Qe)1®h)=¢(h)
and
1AL =(1QA() =D =Q)1Q®h)=10hRh.
Define G : PC(R, H)—Pic(R) X G(H) by
G(ID =1}, h).

It is straightforward to show that F and G are each others inverses, proving
(1.6.1).
(1.6.2) and (1.6.3) follow from the equivalences of the categories

PM(R, H) and PC(R, H*)
and
PD(R,H) and PC(R,HQH¥*),

and after applying Lemma 1.7 below. For later use, we give an explicit
description of the isomorphism

F:Pic(R) X G(H*)—PM(R, H).

Let F([I], h*) = [I(h*)], where I(h*) is the R-module I with H-module struc-
ture defined by
h—x =h*h)x

for all h€H, x €. Similarly, for (h, Z*)EG(H) X G(H*)= G(H ® H*), we
define I(h, h*) by

I=[(h, h*) as R-modules,
x(x)=x®h, forallx€l,
k—x=h*k)x, foralkeH, x€l.

In the proof of Proposition 1.6, we implicitly used the following Lemma:
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1.7. Lemma
Let H, K be Hopf algebras. Then G(H) X G(K)= G(H @K).

PrROOF. It is clear that we have an embedding G(H) X G(K)— G(H ® K),
by mapping (k, k) to 2 @k. Let us show that this embedding is onto. Take
Zih; Qk,€G(HQK). Then

h= 2 ek €EGH) and k= 2 e(hi )k € G(K).

From the fact that Z; h; ® k; is grouplike, it follows that
2 hiu)® kiu)® hi(z) ® ki(z) = Z h; Xk ® hj ® kj .
ij

i,(ho) (k)
Applying 1 Q¢ ®&® 1 to both sides, we obtain
Lh®k =h®k.
1.8. Proposition

Let P,QEFPD(R, H), and suppose that ®:End(P)—End(Q) is an
H-dimodule algebra isomorphism. Then there exists IEPD(R, H) and an
H-dimodule isomorphism f. P QI — Q such that f induces ®, that is

Dp)=f(p®1)of!

for all p EEnd(P). Furthermore, f and I are unique up to dimodule iso-
morphism: f: PQI— Q and g: P Q®J — Q induce the same isomorphism ® if
and only if there exists an H-dimodule isomorphism u:I—J such that

f=g-(1®u).
ProoF. Recall from [4, Ch. 3, ex. 3.2] that
(4 =End(P),R,P,P* ¢,y)
with
9:P®P*—A4 and y:P*Q,P—R
defined by
p(p @ p*)x)=p*(x)p and y(p*® p)=p*(p)

is a so-called strict Morita H-context. As a consequence (cf. [4, Ch. 3,
Prop. 3.3]), the categories (H, A-R)-mod and R-dim are equivalent. Here
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(H, A-R)-mod is the category of (H, A-R)-bimodules. An (H, 4-R)-bimodule
is an 4-R-bimodule M which is also an H-dimodule, such that the following
properties hold forall h.EH, mEM,a € A:

(1) h—(am) = Z¢) (hgy— a)(hgy— m);

(2) xul@m) = Zym a0y @ aymyy.
The inverse equivalences between those categories are given by

P*Q,.:(H, A-R)-mod — R-dim;
P®.:R-dim—(H, A-R)-mod.

Now Qs an object of the category (H, A-R)-mod if we give Q a left A-action as
follows:

p.q=>(p)q)

for all p€EA = End(P)and g€ Q.
Indeed, forall A€EH, p €A and ¢ €Q we have:

%(h(l)“’/’) . (h(z)_’Q) = (%(D(h(l)"’P)(h(z)"’ q)
[¢

= (’12) (h(l) - q)(ﬂ»(h(z)_> q)

= (hZ) h(x) = (P(p)S(hey— (hyy— )
= (’l}:; hay— D(p)e (h(z))q )

=h—>D(p)(q)
=h—(p.9).

The second condition for being an (H, 4-R)-bimodule holds by a duality
argument. Therefore Q =(P*Q®,Q)®P =P Q(P*®, Q) as H-dimodules.
By a rank argument, the rank of 7 has to be 1, so / is invertible, and is therefore
an object of PD(R, H). Let f: P®I — Q be the involved isomorphism. Then
for all g €Q, p €EEnd(P), we have

O(p)g)=p.q
=(fof"Np.q)
=flp®1)f'(q).
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Hence ®(p)=fo(p®1)o [

1.9. Cohomology on the flat site
Let R, be the following category:
objects: R — S, where S is a flat R-algebra;
morphisms: commutative diagrams of the form
R—S
\ !
T
where T is a flat S-algebra.
P(Ry) is the category of covariant functors (presheaves) from Ry to abelian

groups. An object P EP(Ry) is called a sheaf if for any morphism S — S’ in Ry,
such that Spec(S’) — Spec(S) is surjective, the sequence

1= P(S)—P(S) = P(S'®sS)

is exact; here ¢, and ¢, : S"— S’ Qg S’ are given by ¢,(s)=1Qs, &(s) =5 1,
and applying the functor P, we obtain maps P(g,), P(g,) : P(S") — P(S’ Qs S").

S(Ry) is the full category of P(Ry), with sheaves as objects. It may be shown
that P(Rg) and S(Ry) are Grothendieck categories having enough injective
objects.

Consider the global section function I': P(Ry)— Ab, defined by I'(F) =
F(R). The n-th flat cohomology group of a sheaf F is defined by H*(R;, F) =
R"T(F), the n-th right derived functor of I, evaluated at F.

In a similar way, we may define the étale cohomology groups H*(R,,, F)
(replacing all flat morphisms used above by étale morphisms). All the cohomo-
logy groups used in this paper will be flat cohomology groups, and therefore we
will omit the subscript “f1”.

Let S be a faithfully flat R-algebra, and H"(S/R, F) the n-th Amitsur
cohomology group of F (cf. [21], for example, for a definition of Amitsur
cohomology). It is well-known that we have an embedding

1—=H"(S/R, F)—H"(R, F).
For n = 1, HY(R, F) is fully described by Amitsur cohomology:
H'R, F)= lim HY(S/R, F),

where the inductive limit is taken over all faithfully flat R-algebras S. It follows
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from Artin’s Refinement Theorem ([2]) that the statement above also holds for
n > 1, if we take the cohomology on the étale site.

It is well-known that G,,(S) = {x €S : x is invertible in S} is a sheaf on R
The following sheaf will also be important in the sequel:
1.10. Proposition

Let H be a commutative, cocommutative and faithfully projective Hopf
algebra. Then G(H ®.) is a sheaf on Ry.

PrOOF. Let f: S5 —.S’ be a faithfully flat S-algebra. We have to show that
1-GS®H)—G(S'QH)
= G(S'QsS)QH)
=G((S"QH)Bsen (5'®H))

is exact. We have a commutative diagram

1 1 1

! | |
1-GES®H)—~ G(S'"®H) = G((S’OH)®sen(S’OH))

| ! !

1=6,(S®H)~6,(S'QH) 3 6,((S' @ H)Bsex (S'OH))

The bottom row is exact since G,, is a sheaf. So we have to show only one thing;:
does (/@ 1)x)EG(S’® H) imply that x €EG(S ® H)? This may be seen as
follows:

(fANB(SRN)x®x)=(fA1)(x)B(f®1)(x)
=As (f® 1)(x)
= (/N (f® 1)As(x).
hence Ag(x) = x ®x, since
(fANR(A):(SOH)R;(SROH)—(S'QH)Rs(S’"®H)

is faithfully flat.
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2. A cohomological description of the group of commutative H-Galois objects

Throughout this section, H is a faithfully projective commutative and
cocommutative Hopf algebra over a commutative ring R. Recall the following
definition from [12]:

2.1. Definition

An H-comodule algebra A is called an H-Galois object if the following two
conditions hold:

(2.1.1) y: A®4 > H®A, defined by y(x ®y) = %,, Xy ® Xq y is an iso-
morphism of H-comodule algebras;

(2.1.2) A is faithfully flat as an R-module.
Here 4 denotes A without its comodule structure, that is _ is the functor
forgetting the comodule structure. The set of H-comodule algebra isomor-
phism classes of commutative H- Galois objects will be denoted by Gal*(R, H).
It is known that Gal‘(R, H) forms an abelian group under the following
operation:

A.B={x€EAQRB:7,(xs®1)x)=(1Q xr)x)}

={2a,~®b,-€A ®B:Za,-®®b,-®a,-m=Zai®b,~m®bgﬂ,}.

Here 1,: AQH ®B— A Q@B ®H is the switch map between the second and
the third factor. The comodule map x, gisgivenby x, 5 = 1 Qs = 1,(x, ® 1).

The inverse of [A]€Gal(R, H) is represented by A4°, with comodule
structure map x,- = (1Q.S)y,.

If H = (RG)*, where G is a finite abelian group, then an H-Galois objectisa
Galois extension of R in the sense of [17]. In this case, it is well-known that

Gal‘(R, (RG)*) = H\(R, G).

In this section, we will prove a similar result for H-Galois objects. We will see
below that a commutative H-Galois object is in fact a twisted form of H.
Therefore, in order to give a cohomological description of Gal’(R, (RG)*), it is
important to know the comodule algebra isomorphisms of H; in the following
theorem, we show that these are determined by the grouplike elements of the
dual Hopf algebra H*.
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2.2. Theorem

Let H be a finitely generated projective commutative and cocommuta-
tive Hopf algebra. Then we have an isomorphism o : Endy on(H), +, °c—
H*, + , * (as usual, = denotes the convolution); o and its inverse are given by
a@)=¢ePanda ' (f)=1=%nf.

a restricts to isomorphisms of groups:

o Autg,mm(H), 6 Gm(H*)’ *
a”: Autkal& H-com(H)’ o= G(H*)a *

Proof. Recall that ®EEnd(H) is an H-comodule endomorphism if and
only if (®P® 1)A=Ad. First we show that, for all fEH*, 1 +nfis an
H-comodule endomorphism. Indeed, for all » € H, we have

A1 %1 f)(h) = Au(1 @7 f)A(R)
=u®u)1Tt® 1)NAQAXI ®n f)A(h)
=1V NI INNAR)h)
= %h<1)n(f(h(3)))®h<z>

and

(1 xn N DAMR) = (11 /)@ 1)(AR 1)A(h)
=3 h(l)’?(f(h(z)))®h(3)-

*)

From the cocommutativity of H, it follows that 1 *# fis an H-comodule
endomorphism.

The maps o and o ~' defined above are each other’s inverse: take @ E
Endy .om(H). Then we have successively

(@R A = AD;

L1 ®SPR 1A= u(1 @S)AD,
D xS = (1 xS)D = 7(eD);

@ =1 xn(ed).

Conversely, take f€ H*; then ¢(1 * 7 f) = f. Indeed, for all # EH, we have:
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e(1 *n f)h)=eu(1®n NHA(h)
= ( (hZ) haym f (h(Z))>

=Ye (h(1))8’l S (h(z))
(h)
=Ye (h(l)) S (h(z))
*)
=f ( ) 8(h(1))h(2)>
(h)

= f(h).

It is clear that a preserves the addition; we also have that a(®-¥)=
a(®) *a('¥). Indeed, using the facts that ¢ *& = ¢ and TA = A, we obtain

eP xe¥ =u(c @e)(PRQY)A
=u(EQe) (YO NT(PR 1A
=u(eQe)1 (¥ HAP
= u(e ®e)rAYD
= (e *e)(YP)
= e(YD).

If we apply the functor G,, to a, then we obtain the isomorphism «’.

Next, we show that o(®) = fis grouplike if ® is an H-comodule algebra
isomorphism of H. For all #, '€ H, we have (using that ® and ¢ are algebra
maps):

(S Xh ®h")y = f(hh") = flh) fih') = (SR f)h Q)

so u*(f) = f® f. Conversely, if fis grouplike, then ® = 1 * 5 fis an algebra
automorphism, because 7 is an algebra homomorphism, and because the
convolution of two algebra homomorphisms is an algebra homomorphism.
This finishes the proof of the theorem.

2.3. Lemma

Suppose that S is a faithfully flat R-algebra, and that A is an H-comodule
algebra. If A ® S is an H  S-Galois object, then A is an H-Galois object.
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PROOF. A is faithfully flat as an R-module, because A @ S'is a faithfully flat
S-module, and because A is a faithfully flat R-algebra. Furthermore

75: (AR UVS)=ARA)QS
~(HQS)Qs(4 ®S)=(H®4)®S,
defined by
1s(x ®5)®(y @ 1)) = X (x®5) B (x0y B 1)

x)

is an isomorphism. It is easily seen that ys =y ® 1, where y: AQ®4 - H® 4.
y is an isomorphism because S is a faithfully flat R-algebra.

2.4. A comodule version of the Picard group

Pic(R, H) will denote the set of H-comodule isomorphism classes of H-
comodules 7 such that I ® S = H ® S as H ® S-comodules, for some faithfully
flat R-algebra S. For a fixed faithfully flat R-algebra S, Pic(S/R, H) will be the
subset of Pic(R, H) consisting of classes [I] such that I® S=H®S as
H ® S-comodules. Observe that the formula for the product of two Galois
extensions also defines a product on Pic(R, H) and Pic(S/R, H). Indeed, if I, J
determine elements of Pic(R, H), then

1.J={x€IQJ: 1,(x; ® 1)(x) = (1 ® x,)(x)}

with comodule structure map y; ; given by the restriction of the map x, ® | or
1®y;,. Indeed, suppose I EPic(S/R, H), J EPic(S’/R, H). Replacing S and S’
by S ® §’, we may suppose that S = S’. We therefore have that

1.JQS=(IQS).(JOSY=HQS).(HRS)=HQRS,

so I.JEPic(S/R, H). So we have defined a product on Pic(R, H) and
Pic(S/R, H). It is clear that H is a unit element for this product; we will see
below that Pic(R, H) and Pic(S/R, H) are (abelian) groups.

Observe that we have a natural map Gal’(R, H)— Pic(R, H), induced by the
functor forgetting the algebra structure.

In the case where H = RG, Pic(R, H) is computed easily. Indeed, suppose
that /I® S and SG are isomorphic as SG-comodules, i.e. as G-graded S-
modules. Then forall 6€G, I, ®S =S, so I, EPic(R). So I = B, I,, with
I, €Pic(R), and therefore
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Pic(R, H) = K!(G, Pic(R)),
the group of functions from G to Pic(R).

Let § be a faithfully flat R-algebra. In the terminology of Knus and
Ojanguren [21, Sec. 2.8], the elements of Pic(S/R, H) are the twisted forms of
H for the extension .S, up to H-comodule isomorphisms. Applying Theorem
2.2, and [21, Prop. 11.8.1], we obtain that Pic(S/R, H) is equal to the Amitsur
cohomology group H'(S/R, G,,(H*®.)) as a pointed set (one has to make the
observation that, in view of Lemma 1.4, one may replace isomorphisms by H-
comodule isomorphisms in Knus and Ojanguren’s result). A similar obser-
vation holds for H-Galois objects:

Gal(S/R, H) = Ker(Gal(R, H)— Gal(S, H))

is equal to H'(S/R, G(H*®.)) as a pointed set.

Since G,,(H*® S) and G(H* ® S) are abelian groups for every faithfully flat
extension S of R, H'(S/R, G,,(H*®.)) and H'(S/R, G(H*@®.)) are abelian
groups. In fact we have:

2.5. Theorem

Pic(S/R, H) is an abelian group; furthermore, we have the following isomor-
phisms of groups:

B:Gal(S/R, H)— H'(S/R, G(H*®.))
and
y:Pic(S/R, H)— H'(S/R, G,,(H*®.)).

Proor. In view of the remarks preceding the theorem, it suffices to show
that f§ and y are homomorphisms. Let us show that 8 is a homomorphism; the
proof that y is a homomorphism is identical to it. Following [21], the map f is
defined as follows: suppose that 4 represents an element of Gal(S/R, H). Then
we have a comodule algebra isomorphism f: 4 ® S — H @ S. Define ® by the
commutativity of the following diagram:

Ay~ Hy,=H®S®

(2.6.1) | lo
Azs‘fT’ Hy=HQ®S?



56 S. CAENEPEEL Isr. J. Math.

® is a comodule algebra isomorphism of H®S?, so e®dEG(H Q@ SP)*) =
G(H*®S9). ¢d is a cocycle, because ® is a descent datum.

Now, let f: A — C and g: B — D be H-comodule algebra homomorphisms
between H-Galois objects. Then f®g: AR B — C®D restricts to an H-
comodule algebra homomorphsism f. g: 4. B— C. D.Indeed, take x €A . B.
Let us show that ( fQg)}x)EC. D, that is

(e R (O g)x) = (1B 1N f®g)x)

or
TS 8)x) = (f®1pgXx)
or
T((f® Dy, ®g)x) = (f O (g @ xp)x)
or
o(f®108)x @ 1)(x) = (f®g @ 1)(1 B xp)(x)
or

(f®g® 1ty ® 1)(x) = (/@ g R 1)1 x5 )x).

This last statement follows from the fact that x€4 . B.
Consider the particular case where A = B = C = D = H. In this case,

H.H={A€HQH:hEH),

and A: H— H. H is a comodule algebra isomorphism. The comodule struc-
ture map on H . H is the restriction of 1 ®A. Let us show that in this case

(f.©A=A(f-g)
(f.8)A=(f®g)A

=(1®g)f®Na
=1(1Qg)tAf
=1(g®@DAS
=8¢ f

=Agf

=Afg.



Vol. 72, 1990 BRAUER-LONG GROUP 57

Let A, Brepresent elements of Gal{(S/R, H). Then we have the commutative
diagram (2.6.1), and, similarly, for B:

Bi;—— H;=HQ®S®

(2.6.2) (S I
By . Hy=H®S?

Taking the tensor product of (2.6.1) and (2.6.2), and restricting to the product
of Galois objects, we obtain:

(4.B)y—2 (AR, ~H®S®
(2.6.3) l lo.v=s0v |ov
(4. B)y—— (AH), =H®S?

We obtain that f([4 . B]) = e(P¥) = eD ¥ = S([4]) *B([B)).

2.7. Corollary

Gal'(R, H)=H'(R, G(H*®.)) and Pic(R, H)= H'(R, G,,(H*Q.)).

ProofF. This follows easily after we take the inductive limit over all
faithfully flat extensions of R.

2.8. Corollary

H'(R, GH*®.))=lim H'(S/R, G(H*®.)), where S runs over all faith-
fully projective R-algebras S.

ProoF. Take [f]EHY(R, G(H*®.)), and let S be its corresponding H-
Galois object in Gal’(R, H). Then S is a faithfully projective R-algebra, and
[ f] is represented by a cocycle in H(S/R, G(H*®.)), since SRS =H®XS.

2.9. Corollary

Pic(R, H) = Pic(H*).

ProoF. It is easily seen that
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Pic(S/R, H)=H\(S/R, G, (H*®.)) = H\(H*Q S/H*, G,,)
= Pic(H* ® S/H*).

The result then follows after we take inductive limits over all faithfully flat
R-algebras S.

An H-Galois object is said to have normal basis if it lies in the kernel of the
map Gal(R, H)— Pic(R, H). It has been established by several authors ([4],
[23], [27]) that the Galois objects with normal basis are classified by
H¥H,R,G,), where H(H,R, G,,) is Sweedler’s second cohomology group
evaluated at G,, (some people call this group Harrison’s (generalized) cohomo-
logy group). Early and Kreimer ([18]) extended this result to a Kummer-type
exact sequence. As an application of the foregoing results, we present a
cohomological proof of this exact sequence. First, recall Sweedler’s complex
(cf. [33]):

16, (R)—2 6, (H*) -2 G, (H*?) 2 ...
where A*~!(f) = () x'( /)7 *- - -x0"(NH)*,
Y@ - - ®h,)=e(h) f(h® -+ - Bhy),
NHM® .- Qh)=fIh®---Qhh Q- ---®h,), fori=1,...,n—1,
and
M ® - ®h,)=¢eh,) Q-+ - Qh,_)).

Here the inverses are taken with respect to convolution. We see immediately
that A%r) = ¢, for all r ER, since 8%r)(h) = 8%r)(h) = e(h)r. For fEG,,(H*),
we have that f€Ker A, if and only if 6% f) * *%(f) = 8'(f), or, forall h, kEH:

2 s(hu)) Skeka) fi (ha) = f (hk)

(h).ik)
or

fh) fik) = flhk)

or fis grouplike. This fact was already observed by Sweedler in [33]. Therefore,
we have that H'(H,R)=Z'(H,R) = G(H*), and we have a short exact
sequence

1—G(H*)=H'H, R)— G, (H*)— Z*H, R).
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Let us call /€ H*® symmetric if f = f° 7. The subgroup of Z%(H, R) consisting
of symmetric cocycles is denoted by Z2,..(H, R).
It is clear that Im A' is contained in Z2,,.(H, R).

2.10. Proposition
We have an exact sequence of sheaves on Ry
1-GH*®.)~>G,(H*Q@. )~ Z2 (HR.,.)—1.

Proof. We have to show that for all f€Z. (H®.,.), there exists a
faithfully flat R-algebra S, such that [ 5] =[f®15] =1 in H},(H®S, S).
For S, we take the following R-algebra: as an R-module we take S equal to H.
The element of S corresponding to 2 € H will be denoted by ;. The multiplica-
tion on S will be defined by

Uplhy = 2 f(h(1)®k(1))uh<z)ka);

() (k)

S is associative because f'is a cocycle (in fact, § = R #; H in the notation of
Sweedler), and S is commutative, because f'is symmetric. The cocycle

fi=f®ls:(H®S)QH®S)=(HRH)®S—S
is given by the formula
(R ®k)YRu,,)= flh @k)u,,.

Define g: HQ®S — S by g(h ®u,,) = u,u,,. We claim that f; = Al'g. To this
end, we have to show that f *d'(g) = d%g) *d%(g), or, for all 4, k, m, nEH:
hEk S ((h(x)® k(x)) Qg (h<2)k(2) O ut,) = glh Qu,,)gh Qu,)

h)k)
or

th S(hy @ k)@ l)uh(z)uku,umun = UpUpmlthy.
(h)(k)

This follows from the multiplication rule for S.

2.11. Corollary (Kummer's exact sequence for H-Galois objects)
We have an exact sequence
1 —>H3ymm(H, R)—Gal*(R,H)— Z'(H, R, Pic).

Consequently, every Galois object has normal basis if Pic(H*) = 1.



60 S. CAENEPEEL Isr. J. Math.

PrRoOOF. The short exact sequence of sheaves in Proposition 2.10 results in
a long exact sequence of abelian groups

1-GH*)—G,(H*)~ Z2,.(H,R,G,)
—H'(R, G(H*®.)) = Gal’(R, H)
— H'(R,G,(H*®.)) = Pic(H*)
-H'R,ZnH®.,.,6,)) C K2un(H, R, Pic)— - - -

2.11 follows immediately from the exactness of this sequence.

2.12. Note

The image of [ /1€ HZ,m(H, R) is the R-algebra S constructed in the proof
of Proposition 2.10, with comodule structure map

Xs =(a®1)Aa"

where « is the R-module isomorphism o : H — S given by a(h) = u,. In other
words:
As(up) = % uh(.)®h(2)-
(

3. The split part of the Brauer-Long group

Let H be a commutative and cocommutative faithfully projective Hopf
algebra over the commutative ring R. For an H-dimodule algebra 4, we define
the maps

F: A#A4 —Endg(4),

G:A#A —Endg(4)*®
by

F(a #5)(C) = (bE) a(b(l)_> C)b(o),

G(a#b)c)= (2) (cay— a)cb-

It may be verified (cf. [25, prop. 4.1]) that F and G are H-dimodule algebra
homomorphisms. Recall the following definition from [25]:
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3.1. Definition

An H-dimodule algebra A is called an H- Azumaya algebra if and only if 4 is
faithfully projective as an R-module and the maps F and G defined above are
isomorphisms of H-dimodule algebras.

For example, if PEFPD(R, H), then Endg(P), with the induced dimodule
algebra structure, is an H-Azumaya algebra.

3.2. Definition (Long [25])

Two H-Azumaya algebras 4 and B are called Brauer equivalent as H-
dimodule algebras (we denote this by 4 ~ B)if there exists P, Q EFPD(R, H),
such that

A#Endz(P)= B #End;(Q)

as H-dimodule algebras.

3.3. Proposition (Long [25])

~ defines an equivalence relation on the set of H-dimodule algebra isomor-
phism classes of H-Azumaya algebras. The quotient set is a group under the
multiplication induced by # . The inverse class of [A] is represented by [A]. This
group is called the Brauer-Long group of H-dimodule algebras (following the
terminology introduced by DeMeyer and Ford [16]), and is denoted by
BD(R, H).

Long showed that BD(., H®.) is a covariant functor from commutative
R-algebras to groups. For § a commutative faithfully flat R-algebra, we write

BD(S/R, H) = Ker(BD(R, H)—BD(S, H ®5)),
BD*(R, H)=U ¢BD(S/R, H),

where the union is taken over all faithfully flat R-algebras S. In general,
BD*(R, H) does not cover the full Brauer-Long group; in the case where
H = RG, for G a finite abelian group, this is well-known. In Section 4, we will
give an example of a Hopf algebra, which is not a group ring, for which
BD(R, H) # BD(R, H). The main objective of this paper is to give a cohomo-
logical description of BD*(R, H). In view of some previous results (cf.
[5, 8,10, 16,...]), it will be no surprise that our description will be highly
related to Galois theory. It is known that the smash product of an H-Galois
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object and an H* Galois object is an Azumaya algebra. This yields a homo-
morphism
v : Gal(R,H) X Gal'(R, H*)—Br(R).

In the sequel, we will need a description of ¥ on the cocycle level. Let Sbe a
faithfully flat R-algebra, and consider the map

9: GH*QSY) X G(HQS?) ~G,,(S?)
defined by
p(h*, h) = h¥(hs).
3.4. Theorem
The map ¢ induces a map
(3.4.1) p: HY(S/R, G(H*®.)) X H(S/R, G(H®.))— HXS/R, G,,).

After taking inductive limits over all commutative faithfully flat R-algebras S,
we obtain a map

3.4.2) 9p:H'(R,GH*Q.) X H(R, G(H®.))— HYR, G,).

Furthermore, the following diagram is commutative:

Gal(S/R, H) X Gal(S/R, H*) —*— Br(S/R)— Br(R)
(3.4.3) ! a® 18

HYR,GH*®.) X H(R, G(H®.)) —*> HXR, G,,)

Here a and a* are the isomorphisms of Corollary 2.7. B is the well-known
embedding Br(R)— HXR, G,,) (cf. [21, 34], for example), and y is defined by

y(T[UY)=[T#U],

where the smash product is taken with respect to the H*-module structure of T
and the H*-comodule structure of U.

PROOF. Let S be a faithfully flat R-algebra, and take h €EZY(R, G(H ®.)),
h*€Z R, G(H*®.)). Therefore, hEGHQS®S) and H*EGH*RS®S)
satisfy hh; = hy, and h¥h¥ = h¥. We will show that p(h*, h)EG,,(S®S®S)
is a cocycle in ZXS/R, G,,).

Indeed
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Ayp(h*, h) = (h¥(hs)(h¥(ha)s (R (hs))s(h¥(h))s !
= hi(ha)h(hs Yt (hap)hts (has)
= (ks hs YASAE ) (Psa)
= hi((hhg D))((AERE ) )(hs0)
= hii(hss"Yhii(hsa)
=1,

Furthermore, if s or A* is a coboundary, then ¢(h*, &) is also a coboundary.
Indeed, suppose 1 EBY(S/R, G(H®.)),or h = kk; ! for some kEG(H R S).
Then

A(h*(ky) = (h* (k) (h*(k))s ' (h*(k»))s
= hi¥(ky)h3 ™ (k)3 (kys)
= hi¥(ki3)(h¥ ™ 'h¥)(kz)
= hi¥(kisks")
= h¥(hy)
= p(h*, h).

We therefore have a well-defined map between Amitsur cohomology groups,
and, taking inductive limits, we obtain a well-defined map between flat
cohomology groups. Before showing the commutativity of the diagram (3.4.1),
we remark that 2¥*(h;) and A¥(h,) ~' are cohomologous cocycles. Indeed,

A(h*(kp) = hi¥(hohs(hy) ~'h(hs)
= h¥(h)(h¥*h)Chi ' hs YA (hs)
= hi¥(hy)h3(hy).

Furthermore, observe that H as an H-comodule algebra is an H-Galois object.
Therefore we have an isomorphism j of R-algebras ([12, Th. 9.3]):

j:H#H*—Endy(H)
given by
Jh#ER)X)=X h*(x(l))hx(Z)-
x)

Let ®: H—H and ¥:H*— H* be respectively an H-comodule algebra
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isomorphism and an H*comodule algebra isomorphism. By Theorem 2.3,
there exists ¥ € G(H*) and g € G(H) such that

o= 1=* u, or ¢(x) = E X(l)u(X(z)),
(x)
¥=1xg or ¥x*)= (2:.) x(8)xd
or Y(x*)(x)= (2:.) Xty(&)xty(x) = x*(gx)

forall x€H, x*€ H*,
Define © : Endgz(H)— Endz(H) by commutativity of the following diagram:
H#H*— Endg(H)
| onv le

H# H*—— Endg(H)

Define f: H— H by f(x) = Z,, u(Sx(1))gx). Then © is induced by f. To prove
this, we have to show that for all A € Endgz(H):

O(A)=/f"tedof.

It suffices to show this for A = j(h #h*), for all h EH and h*E€ H*. Observe
that

fx)= (E) u(g~'xa)g " 'Xq).

For all x &€ H, we have

A(fx)) = (Z) u(Sx)h*(gxez)ghxs,

and

AU = ( %h) u(Sx)h*(gxp)u(g ~'ghayz)g ~'ghoyxa

=3 u(hu))h*(gx(l))h(z)x(z)-
(x),(h)

On the other hand,



Vol. 72, 1990 BRAUER-LONG GROUP 65

O(1)(x) = j(D(h)#F(h*))(x)
= (2) \P(h*)(x(l))q)(h )x(2)

=2 h*(gx(l))u(h(l))ha)x(z)-
(x)y(h)

proving the assertion.

With these necessary preparations done, we are able to prove the commuta-
tivity of the diagram (3.4.3). Take [T]& Gal(S/R, H), [U]€Gal(S/R, H*).
Using Theorem 2.6, we obtain the following commutative diagrams:

% al. %
T13 Hl3 U13 H13

lTa l‘p lfa l\y

Ty—— Hy  Un—p H}

Taking the smash product of these two diagrams, we obtain:

(T#U),;, ~227%, (H # H¥*),, = (H # H*) @ S? — Endgo (H ® S?)
{1 | ony le
(T#U), ~22%%, (H # H*),, = (H# H*) @ S® — Endgo (H ® S?).

Let u €EG(H*®SY), g € G(H @ S®) be the grouplike elements corresponding
to ® and ¥. Then «([T']) = [#] and «*([U]) = g. Since O is induced by

fH®SO—~H®@S®
given by
Jx) = X u(Sxy)gxq
®

we have that, for all yE H @ S@:

Hlefic i) =14 °f3(2 ul(S(y(l))gly(Z))

»

=f! ((2) u(S(Yayus(S(g1Y2))8:81 J’(s))

= 2) w(S(yay)us(S(g: ye)usgs '8:81Y3)85 '8:81 V)
(y
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= (Z) uy(S (J’(l))us(g 'S (Y(z))ul(J’(s))us(J’(4))y(5)
y

= (2) ul(.V(3)S (.V(l))us(g ! YayS (Y(Z)) 1 0)
y

=uy(gi ).
Therefore the image of [T# U] in HXR, G,,) is given by [us(g7 )] = ¢(u, g).
This finishes the proof of Theorem 3.4.
3.5. Note

In (3.4.3), the reader might prefer to have a smash product with respect to
H-module and comodule structure rather than A*module and comodule
structure. This may be obtained easily: we have a commutative diagram

Gal(S/R, H*) X Gal(S/R, H)—— Br(S/R)— Br(R)
| @) 18

H'R,GH®.)) X H(R, G(H*R.)) —— HYR, G,)

where y’ is defined as y, but with respect to the H-module and comodule
structure, and where ¢’ is defined by ¢’(g, ) = ¢(u, g) ~'. Indeed, it may be
shown easily that, for T€Gal(R, H), U€Gal(R, H*), T# U = (U# T)®.

3.6. A generalization of Villamayor and Zelinsky’s E, and E,

Villamayor and Zelinsky defined abelian groups E; such that, for S a
faithfully flat R-algebra, we have a long exact sequence

0—HYS/R,G,,)—~> E,—~ HYS/R,Pic)—~> - -
—H'(S/R, G,,)—~E,—H "'(S/R,Pic)—= - - -.

For details, we refer to [38, 40]. It may be shown that Br(S/R) is a subgroup of
E,, and that H'(R, G,,) = U s E;, where the union is taken over all faithfully
flat extensions S of R. In the sequel, the E;’s of Villamayor and Zelinsky will be
denoted by Ef**. Our aim is to introduce a generalization of E, and E,, related
to the Brauer-Long group. Define a functor

8,1 : PD(S™, H®S™)—PD(S®+Y, H @ S +Y)
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as follows:
5n—1(1)=11®n+1 Iz*®n+1‘ . ®n+l Ir(l?—l'

Since A, °A,_; : S®—S®*? is the zero map, it follows easily that we have a
natural H-dimodule isomorphism

A2 0,0, ()~ S®+D,

The isomorphism 4, is determined by the canonical isomorphism I @ I* = §®,
For example,

0,0(I) = (I, ®; I#) ®; (I, ®; I%)* ®, (1; ®; 1)
=1, ®; I ®; (1);Q; I}) ®; (I, ®, If) = S©.

Identifying I @ I* and S™, we will often view 4, as the identity.
Let Q, be the category with objects (/, «), where

IEPD(S™, HQS™),
and
a:d,_(H—Se+D

is an H® S"*Y-dimodule isomorphism such that d,a =4,. A morphism
between two objects (I, ) and (J, B) of Q, is H @ S™-dimodule isomorphism
f: I—J such that

a=ﬂ°5n—lf.-

Let Z, be the set of isomorphism classes of Q,. E, = Z, is a group, with
multiplication induced by the tensor product. On Z,, we define a twisted
multiplication as follows:

[, DN, B)] = [ B, J, p(e*(U]), e([TDNxQ BN,
where
e*: PD(S?, H @ S®)— G(H*® S?),
e:PD(S?, HQS®)—G(H R SP)

are the projections discussed in (1.6.3). It then follows easily that Z, is a group.
B, will be the subgroup of Z, consisting of all elements of the form [(d,/, 4,)];
we define E, = Z,/B,.
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3.7. Lemma

(3.1.1)E,=G(H*) X G(H) X E{,
(3.7.2) E,=H'S/R, G(H*®.)) X H(S/R, G(H®.)) X, Es*,
where the multiplication on the twisted product in (3.7.2) is given by

([&*1, 8], [1, al)[h*), [A), [, B]) = ([g*h*], [gh], I ® J, p(g*, h)a ® B)).
ProoF. (3.7.1)is obvious. To show (3.7.2), we define a map
u:E,—~HYS/R,GH*®.) X H'(S/R, G(H®.)) X, E5™,

by u({1, al) = ([e*(D)], [e(I)], [(L, a)]). It is straightforward to verify that yisan
isomorphism; the inverse of u is given by

18" [8), [T, a]) = [I(g*, &), a].

3.8. Theorem

Let S be a faithfully flat R-algebra. Then E, =PD(R, H), and we have a
monomorphism
i:BD(S/R,H)—E,

which is an isomorphism if S is faithfully projective as an R-module.

Proor. The statement for E, follows from (3.7.1) and (1.6.3). The proof of
the second part of the theorem consists of several steps; only one of them is
significantly different from Villamayor and Zelinsky’s corresponding theorem
for the Brauer group.

(3.8.1) Take [4A]EBD(S/R, H). We then have a dimodule algebra isomor-
phism
p:A®S —Endg(Q).

for some Q EFPD(S, H ®S). Define a dimodule algebra ® by commutativity
of the following diagram:

A3~ Endy(Q)

o lo

Ay o Endy(Q,)
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Applying Proposition 1.8, we see that @ is induced by a dimodule isomor-
phism
f : Ql ®2 I g Q2,

for some 1 EPD(S?, H @ S@). Now
(L'®L) (RN (/QLRIF): 01 R, @ I; & IF —~ 0y

induces ®; '®;®, = 1. To simplify notations, we will also use the — however
incorrect — notation

(L'®IF)(LBIF KB LYIN) = fy ' fifh.

From the uniqueness property in Proposition 1.8, it follows that we have an
H ®59-dimodule isomorphism

o 6](1) = I]®3I3®3I;_’S(3)
such that the following diagram is commutative:

Qu®: a2 g,

| 1®a) | -

01 ®; SG)‘"T’ On

Therefore f;7'f, /i =1 Q.

(3.8.2) (I, @) represents an element of £,.

Indeed, f;1f,fi=1Qa, 50 1 ®da=30{fT7f3/)=1Q4,, so a=4,. Write
6(4, p) =1, a]EE,. Applying the uniqueness property in 1.8, we may easily
see that [/, ] is independent of the choice of fand I.

(3.8.3) 6(4, p)=[I, ] is independent of the choice of p.

Let p’:A®S—Endg(Q’) be another choice. Then p’p~':Endg(Q)—
Endg(Q’) is induced by an H-dimodule isomorphism g: @ ®J — Q’, for some
JEPD(S, H®S). Consider the commutative diagram

Ay =25 Endy(Q) 22 Endy(Q))
l T3 l ¢ l o4

Ay - Endz(Qz) P Endz(Qz)
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[ =8°(f®)(er'®IFQIRJ): 0i®, J¥®, IR, J,— 05,

or, by the same abuse of notation mentioned above:
S =8fo8".
Observe that
@ '®J*)eg:0RIRI*—~Q
is given by
(7'®J*)og=1@u,
where u is the canonical morphism x: J ®J*—S. Now
3 S = (815 '8 N8 /853" N8u fig1 )
=gi( S5 ' /)8 813813 &21)81"
= £12:(1 @ a)(1 @ )1 Qpy3)g17
= (1Qa)g12¢11 (1 Qun)(1 B w15)
=(1®a)(1 ®in).
We used the fact that

Aps: 010o(J*) = (T B3 J15) ®; (1 Q3 J13) Q3 (JA B J53) ~ SO

is given by
Aye =y @ pin; ® .
It now follows that (I, &’) = (I, a)(do(J*), A ).

(3.8.4) If A = End(P) for some PEFPD(R, H), then 6(4, p) = [(S?, As)].
This is obvious: choose for p the natural map p:Endz(P)®S—
Endg(P ®S). It follows immediately that ® is then induced by the identity.

(3.8.5) O(A#4",p#p")=6(4,p)04", p").

This is the most interesting part of the proof, because here the twisted
product defined on E, comes into the picture. Suppose 6(4,p) = [(I, a)],
64, p)=[I", )], 6(A#A", p#p")=(J, B). Let D, f, Q be defined as above,
and introduce similar morphisms and modules @, f, Q' for A’. Then P#d’ is

induced by
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SES QB )R, (018, )~ 0, ®, 05,
so it follows immediately that J = I ®, I’. Our main problem is to compute
(SE) o (fES 3o (f#
Recall that
PD(S?, H ® S?) = Pic(S®) X G(H*® S?P) X G(H ® §?).
Let (I, g*, g) be the element corresponding to /. Consider the identity
y:I—1.
We may easily verify that (observe that Hom(/Z, I) is itself an H-dimodule)
x()=y®x and h—y=g*h)y
for all A € H. Now the map
[=1-(187): Q&0

clearly also induces ®. The important difference between f and Jf is that f
is not an H-dimodule structure preserving morphism. ®#® is induced
by f# _[ 7, and

(S#L)7 o (f#])s o (f# ),
may be written as a morphism
(f#)T o (f#)s o (f#) 1 (QBQN B, 6 (D)= (QRQ); .

Indeed, since the dimodule structure on [ is the trivial one, there is no problem
in interchanging the I’s and Q’s. We have

(f#NT o (f# ) (f#) =&* @ WL #67 )a &N E £ #5 £)
= 818988 &g)g " WL A A# S 3 f1)
=g )(1Qa)(1 ®«)
=¢(g* ¢ )N18a®«)

so f = (a®a')p(g*, g), and this proves the assertion.
From (3.8.4) and (3.8.95), it follows that 8(4, r) is independent of the choice
of A in [A4], so we have defined a well-defined homomorphism

i:BD(S/R,H)—E,
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by
i([A])=6(4,r).

(3.8.6) iis injective.
Suppose 0(4, p) = (6,7, ;). Then @ is induced by f: @, ®, J, ®, J*— 0,.
Consider

f@4,:0,8,J,— 0, /.

f®J, is clearly a descent datum, so there exists P EFPD(R, H) such that the
following diagram is commutative:

Py— (Q®J)1
1w  |rey
Pyy— (Q®J)z

Taking End of this diagram, and invoking the uniqueness property in the
theorem of faithfully flat descent, we obtain that 4 = Endg(P) as H-dimodule
algebras.

(3.8.7) If S/R is faithfully projective, then i is surjective.
Take (I, a) € E,, and consider the dimodule isomorphism

ﬂ =a®12111®13—*12.

Let P be equal to I as an R-modaule, and furnish P with an H @ S-dimodule
structure as follows:

S-module structure: 5. x = (s ® 1)x,

H ® S-module structure: (A Q@s)—»x=h Qs 1)—x,

H*® S-module structure, and therefore H @ S-comodule structure:

h*@s)—=x=r*Q@sQ1)—x.

With this structure, P becomes an object of FPD(S, H ® ). We will say that
“P =1, with S acting on the first factor”. We then have:

P, =I,, with S@ acting on the first two factors;

P, =I,, with S@ acting on the first and third factor;

P,®, I =1,Q, I, with S acting on the first two factors.
We therefore have an isomorphism of H @ S®-dimodules

f=1p: P& I=1,8;;,—~1,—P,
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Note that 7, and f are no H ® S®-dimodule isomorphisms; their composition,
however, preserves the H ® $@-dimodule structure. Now consider the map

LA PL® I & I, — P QI

Observe that
Ji=11h,
fi=11Bs = 114712 P3T12
fo= 12
Therefore

Wi = B ittt Bt B = By 'Bafi.

Now B, '8, or more precisely 85 !;(8; ® I;) = I, » B4, because d,a = A,. This
means that

LA Pu® Q[ —~ P R,
induces the identity of End,(P,,). Therefore
End(f) : End,(P,) — Endy(P,)
is a descent datum. So End¢(P) descends to an H-dimodule algebra A, which is
an H-Azumaya algebra. It is not difficult to show that i([4]) = [(, a)].
3.9. Theorem

Let R be a commutative ring, and H a faithfully projective, commutative and
cocommutative Hopf algebra. Then

BD*(R, H)=(H'\R, G(H*®.))) X H'(R, G(H*®.)) X, H(R, G,,)0rs
= (Gal'(R, H) X Gal'(R, H*)) X, Br(R).

Proor. This follows after taking inductive limits in 3.7 and 3.8 over all
faithfully flat extensions S of R. One also has to invoke Corollary 2.8, Theorem
3.4, and Gabber’s Theorem (cf. [19]):

Br(R) = H(Ry, Gy )rors
and the formula

H 2(Rﬂ ’ Gm )to:s =H Z(Rét ’ Gm )tors
(cf. [26, I11.3.9]).
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4, The Brauer-Long group of a Hopf algebra of rank two

The methods developed above permit us to compute some explicit examples
of BD*(R, H), in the case where H is not a group ring or the dual of a group
ring. Let us consider the easiest possible example; let R be a commutative
domain of characteristic different from 2, and fix a, b € R such that ab = 2. Let
H, be the Hopf algebra defined by

H, = R[x}/(x*— ax),
Ax=xQ@1+1Q®x —bxQx,

e(x)=0.

This Hopf algebra and its Galois objects have been studied by Tate and Oort
([33)), Kreimer ([22]), and Childs ([14]). The characteristic two case was
considered by Nakajima ([29]). Hurley ([20]) has studied similar Hopf algebras
of rank p. It may be shown that

H}=H, =R[y)(y*— by)
where
b(y)=—-1

Also, it is well-known that H, = RC, (the isomorphism is given by 1 — x —a).
If 2 is invertible in R, then all H,’s are isomorphic. For this reason, we will
assume in the sequel that 2 is not invertible in R; if 2 is invertible, then we refer
to [16] for a complete treatment of BD(R, C,).

In Section 2, we have seen that the commutative H,-Galois objects with
normal basis are classified by H2.n(H,, R, G,). It may be shown that all
H_-Galois objects are commutative, and that

Himn(H,, R, G,) = Up(R)/(Up(R)),

where Uy(R) = {u €G,(R) : a=1mod bR}. Let us briefly sketch this isomor-
phism, leaving details to the reader. H(H,, R, G,,) = Ker(A,)/Im(A,), where

G, (H¥) A G, (H*®) A G, (H*®).

Let
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GL(H*) = { fEG,,(H*®): f(1®h)= f(h®1) = ¢(h), forall h EH},
G, (H*) = { fE€G,(H*): f(1)=1},

and restrict the above sequence to

Gy, (H*) =5 61, (H*®) = G (H*?).

Then
H¥H,, R, G,,) = Ker(A})/Im(A?).

So we may restrict our attention to looking for “normal” cocycles. It may be
shown that every f€GZ (H*?) is a cocycle. Furthermore, we have a commuta-
tive diagram:

G (H*) A G (H*@)

l 6, ‘l’ 6,
Us(R) 2 Ur(R)
where 6,, 0, are isomorphisms defined by 6,(f)=1—bf(x) and 6,(f) =
1 + b*f(x @ x). Take u € Up(R), and let

u—1
b2

e =

The H,-Galois object corresponding to u is given by
H,(e)=R[s)/(s*—as —e),
28)=5s®1+1Q@x —bs®x.

H¥ = H, acts on H,(e) as follows:

y—s=bs—1.

Consider v€ U,:(R), and let

Then we have an H,-Galois object:
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Hy(f)=R[t)(* — bt — [),
xO)=tR®1+1Qy—atQy.
Let us compute the smash product H,(e)#H,(f)=R®"", Write a=s#1,
B = 1#¢, then

4.1.1) a’—aa—e=0,
(4.1.2) p2—pp — f=0,

and
Ba=(1#t)s#1)
= % (t(l)—’S)#t(o)
=(#)+({(bs — 1D)#1)—a((bs — D)#1)
=—s#t+bs#1 - 1#1 +a(l#1)
=—af +ba+af —1,
SO

4.1.3) Ba+off + 1 =ba + ap.

(4.1.1-3) determine the multiplication in the smash product R®?; these
rules may be rewritten as follows: let A, be the quaternion algebra “R?, that is 4,
is generated by i,j, ij =k, where i’=u, j2=v, ij = — ji. Let R®" be the
algebra generated by A, and

L+i 1+j
a=—‘—*.—l and ,B=-L.

b a
It may be verified easily that « and f satisfy (4.1.1-3).
The above computations and Theorem 3.9 imply:
4.1. Proposition

Let R be a domain of characteristic different from 2, and consider a, b ER
such that ab = 2. If all H,- and H,-Galois objects have normal basis, then

BD'(R, H,) = Up(R)/(Uy(R))* X Uz (R)(U,(R))* X Br(R),
with multiplication rules

(u’ b, [A])(u” U’, [A’]) = (uu,, UU’, [A ®B ®R(u’v')]).
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4.2. Example

Let us give a more specific example. In4.1,let R = Z[ﬁ], anda=»>b= ﬁ
Then H f; is a self-dual Hopf algebra, and UR)={ — 1, 1}, and U 5(R) =
{1}. Hence

Gal(Z[\/2), H ) =1/2Z

(all Galois objects are commutative and have normal basis in this case), and
the only nontrivial Galois object is

1
Hﬁ(—1)=z{\/§>%]§

A=Hp(—1)#H ﬁ( —1) is the sub-Z[ﬁ]-algebra of H generated
by i,j, (1+i)\/2 and (1+)/\/2. Actually, 4 represents the only non-
trivial element of Br(Z[ﬁ]), and is the most elementary example of an
Azumaya algebra which is not equivalent to a classical Galois crossed product
(cf. {21, 1V.6.5]). It follows from 4.1 that BD’(Z[ﬂ], H /) is a group contain-
ing 8 elements. Examining the multiplication rules in 4.1, we obtain

BD*(Z[,/2], H 5) = D,

the dihedral group of 8 elements.

What about the complete Brauer-Long group BD(Z[ﬁ], H /5)? Using the
fact that H s is self-dual, we may construct a noncentral H ;-Azumaya
algebra. Let

A=H;=11/2)/(x*— /2x)
asa Z[ﬁ]-algebra, with an H /;-dimodule structure given by
x—>1=0 x—>x=\/§x— 1,
() =Ax=x®1+1®x — /2xQx.

4.3. Proposition
A is an H j-Azumaya algebra.

PrROOF. We have to show that F:4#A4 —Endz(4) and G:4A#A4—
Endg(A4)° are surjective maps. We only show that F is surjective, the other
part is left to the reader. Fix {1,x} as a basis for H ;5. Then End(4) =
MZ(Z[\/E]). A straightforward computation yields
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F(1#1)=<(1) (1)); F(x#1)=((1) \/0§>

S L e ]

We leave it to the reader to check that these four matrices generate M. Z(Z[\/2—]).

4.4, Conjecture
BD(Z[\/2], H 5Y/BD*(Z[\/2), H ) = C,,
and consequently
BD(Z[./2), H3) = D.

We provide an indication how to prove this conjecture. One may generalize
the classical property that the Brauer group of a regular domain maps
injectively into the Brauer group of its Brauer group; that is, proceeding as in
[32, 6.19], one should be able to show that

BD(R, H)—BD(X, K ®H)

is monomorphic if R is a regular domain. Now let S = Zz[\/_Z']; thenSQH 5=
SC,, and the above statement then implies that

BD(Z[,/2], H 5)— BD(S, SC,)
is monomorphic; hence
BD(Z{./2), H 5)/BD*(Z]/2], H ;) — BD(S, SC,)/BD (S, SCy)) = C,
is monomorphic, and the statement follows. To see that this implies that
BD(Z[/2], H,55) = Dy,
observe that we have a homomorphism
BD(Z[./2], H )~ BD(R, RC)).

Counting elements, we see that this homomorphism is an isomorphism; it was
shown by Long that BD(R, RC,) = D;.

Of course it would be useful to know BD(R, H)/BD*(R, H); this would, for
instance, solve the conjecture above, without one having to adapt {32, 6.19].
For H = RG, where G is an abelian group such that |G | is invertible in R, and
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such that G** and G are naturally isomorphic, the quotient BD(R, H)/
BD*(R, H) was computed by the author and M. Beattie (cf. [10, Sec. 3]); using
some generalizations of the Skolem-Noether Theorem, it was shown that
BD(R, RG)/BD’(R, RG) is a well-defined subgroup of Aut(G X G*). I believe
that this property may be generalized to the Hopf-algebra situation, and that
BD(R, HYBD’(R, H) is a specific subgroup of Autges(H X H*). This will
actually be the topic of [9]; it will allow us to describe the full Brauer-Long
group as the middle term of a short exact sequence. Returning to the example
of a rank two Hopf algebra, it will allow us to solve the following

4.5. Conjecture

Let R be a domain of characteristic different from 2, and suppose that 2 is
not invertible in R. Let a, b €R such that ab = 2. Then

BD(R, H,) = BD*(R, H,) ifa #./2,
BD(R, H,))BD'(R, H,)=C, ifa=.,/2.

5. Orzech’s subgroup of the Brauer-Long group

As before, let H be a faithfully projective, commutative and cocommutative
Hopf algebra. Fix a Hopf algebra homomorphism 8 : H — H*, and consider an
H-dimodule M with structure maps y and . Recall that the H-module
structure on M defines an H*-comodule structure on M; the H*comodule
structure map thus defined will be called ¢.

5.1. Definition (Orzech [31])

M is called a §-module if and only if

p=(1®6)y.
An H-dimodule algebra which is a #-module is called a §-algebra.

Observe that the H-action on a §-module M is given by

h—m= (2) H(m(l))(h )m(o).

As announced by Orzech, it is straightforward to check that, for two
6-modules M, N, M @N and Homg(M, N) are again 6-modules. The H-
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opposite of a #-algebra, and the smash product of two §-algebras are again
6-algebras. Therefore we have

5.2. Proposition (Orzech [31])

The set By(R, H)= {« €BD(R, H) : a is represented by a G-algebra} is a
subgroup of BD(R, H).

By(R, H)is a generalization of the Brauer-Wall group: if 2 is invertible in R,
and if 6 is the unique Hopf algebra isomorphism RC,—(RC,)*, then
By(R, H) =BW(R). In a similar way, the Brauer group introduced by Childs,
Garfinkel and Orzech 1s a special case of Byg(R, H). If 6 : H— H*is the trivial
map, then By(R, H) = BC(R, H). Moreover, the Brauer-Long group itselfis a
special case of By(R, H). Indeed, we have the following generalization of
[13, 5.1}, solving a question raised by Orzech ([31, Sec. 3]):

5.3. Proposition
Let 0: HQH*—(H @ H*)* = H* @ H be defined by
8(h @ h*) = h* Q@ ne(h).
Then BD(R, H) = B,(R, H® H*).

ProoF. Let 8-mod be the full subcategory of H ® H*-dim, consisting of
@-modules. Forgetting the H ® H*module structure, we obtain a functor

g-mod —com-H @ H*.

It is clear that this functor is an equivalence of categories. Then, applying the
category equivalence between com-H @ H* and H-dim (cf. 1.1), we see that
6-mod and H-dim are equivalent categories. After identifying the involved
categories, our result follows. The only problem left is the following: given two
6-module algebras 4 and B, do the smash products 4 # B (with respect to the
H-dimodule structure of 4 and B) and A#,B (with respect to the
H ® H* dimodule structure of 4 and B defined by ) coincide?

Write J = H® H*, and write x, for the J-comodule structure map. For
a€A, write

xa)= 2 a(o)®a(1)®a(f)EA ®HQH*.
(a)
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Then the H-comodule structure map, and the H*-comodule structure map on
A are given by

x@)=1% g(a(f))a(O)®a(1)EA ®H,
(@)

xm(@)=2% s(a(l))a(o)®a(T)EA @ H*,
(a)

The H-action on 4 is therefore given by

h—a= (2 e(anyat(h)ag),
a)

In A #, B, we have

(a #b)(c #d) = (bz) a((b(1)® b(,‘f)) - C)#b(o)d

= (bE ae(c(l) ® C("f))((b(l) ® b(T)))C(O)# b(O)d
M)

= bE aC(T)(b(l))b(T)(a’Yc(1))0(0)# b(O)d .
b))

In A #B, we have

(a #b)(c #d) = § a(b(l) - C)#g*(b(f))b(o)d
)

= (% ) ae*(be(ca)ct(baco # bod.
(¢

Therefore A #, B = A # B, since
3*(b('1‘))8(c(1)) = b&(n(1))e(cyy) = b("f)(’lgc(l))-

As an application of the results of Section 3, we compute B (R, H). Observe
that 6: H — H* induces maps 6, = Gal(R, 0) and 6, = H'(R, G(6)) such that
we have a commutative diagram

Gal(R,H)=H'(R,G(H*®.))

l()l Lez

Gal'(R, H*)=H'(R,G(H®.))
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5.4. Proposition
Let 8: H— H* be a homomorphism of Hopf algebras. Then
Bi{(R,H)=H'(R, G(H*®.)) X H(R,G, )0
= Gal’(R, H) X Br(R).
The multiplication rules are given by
(h¥, w)(hE, w)) = (h¥hf, wiup(hi, 6*h3))
on the cocycle level, and by
([S1, [AN(T), [B]) = ([SIT), [4 @ BB (S #6(T))))
on the algebra level. The embedding in the Brauer-Long group is given by
(h*, u)— (h*, 0%(h*), u),
(S, A)— (S, 6,(5), 4).

Proor. This follows directly from the observations made above and from
Theorem 3.9.

REFERENCES

1. E. Abe, Hopf Algebras, Cambridge University Press, Cambridge, 1977.

2. M. Artin, On the joins of Hensel rings, Adv. in Math. 7 (1971), 282-296.

3. M. Auslander and O. Goldman, The Brauer group of a commutative ring, Trans. Am.
Math. Soc. 97 (1960), 367-409.

4. M. Beattie, Brauer groups of H-module and H-dimodule algebras, thesis, Queens Univer-
sity, Kingston, Ontario, 1976.

5. M. Beattie, 4 direct sum decomposition for the Brauer group of H-module algebras,
J. Algebra 43 (1976), 686—693.

6. M. Beattie, The Brauer group of central separable G-Azumaya algebras, J. Algebra 54
(1978), 516-525.

7. M. Beattie, Computing the Brauer group of graded Azumaya algebras from its subgroups,
J. Algebra 101 (1986), 339-349.

8. M. Beattie and S. Caenepeel, The Brauer-Long group of Z/ p' Z-dimodule algebras, J. Pure
Appl. Algebra 61 (1989), 219-236.

9. S. Caenepeel, Computing the Brauer-Long group of a Hopf algebra II: the Skolem-Noether
theory, in preparation.

10. S. Caenepeel and M. Beattie, 4 cohomological approach to the Brauer-Long group and the
groups of Galois extensions and strongly graded rings. Trans. Am. Math. Soc., to appear.

11. S. Chase and A. Rosenberg, Amitsur cohomology and the Brauer group, Mem. Am. Math.
Soc. 52 (1965), 20-45.

12. S. Chase and M. E. Sweedler, Hopf algebras and Galois theory, Lecture Notes in Math. 97,
Springer-Verlag, Berlin, 1969.

13. L. N. Childs, The Brauer group of graded Azumaya algebras II: graded Galois extensions,
Trans. Am. Math. Soc. 204 (1975), 137-160.



Vol. 72, 1990 BRAUER-LONG GROUP 83

14. L. N. Childs, Representing classes in the Brauer group of quadratic number rings as smash
products, Pacific J. Math. 129 (1987), 243-255.

15. L. N. Childs, G. Garfinkel and M. Orzech, The Brauer group of graded Azumaya algebras,
Trans. Am. Math. Soc. 175 (1973), 299-326.

16. F. DeMeyer and T. Ford, Computing the Brauer-Long group of 1/2-dimodule algebras,
J. Pure Appl. Algebra 54 (1988), 197-208.

17. F. DeMeyer and E. Ingraham, Separable algebras over commutative rings, Lecture Notes
in Math. 181, Springer-Verlag, Berlin, 1971.

18. T. E. Early and H. F. Kreimer, Galois algebras and Harrison cohomology, J. Algebra 58
(1979), 136-147.

19. O. Gabber, Some Theorems on Azumaya algebras, in Groupe de Brauer , Lecture Notes in
Math. 844, Springer-Verlag, Berlin, 1981.

20. S. Hurley, Galois objects with normal bases for free Hopf algebras of prime degree,
J. Algebra 109 (1987), 292-318.

21. M. A. Knus and M. Ojanguren, Théorie de la descente et algébres d’Azumaya, Lecture
Notes in Math. 389, Springer-Verlag, Berlin, 1974.

22, H.F. Kreimer, Quadratic Hopf algebras and Galois extensions, Am. Math. Soc. Contemp.
Math. 13 (1981), 353-361.

23. H. F. Kreimer and P. M. Cook I, Galois theories and normal bases, J. Algebra 43 (1976),
115-121.

24. F.Long, A generalization of the Brauer group of graded algebras, Proc. London Math. Soc.
29 (1974), 237-256.

25. F. Long, The Brauer group of dimodule algebras, J. Algebra 30 (1974), 559-601.

26. 1. S. Milne, Etale Cohomology, Princeton University Press, Princeton, 1980.

27. A. Nakajima, On generalized Harrison cohomology and Galois object, Math. J. Okayama
Univ. 17 (1975), 135-148.

28. A. Nakajima, Some results on H-Azumaya algebras, Math. J. Okayama Univ. 19 (1977),
101-110.

29. A. Nakajima, Free algebras and Galois objects of rank 2, Math. J. Okayama Univ. 23
(1981), 181-187.

30. M. Orzech, On the Brauer group of algebras having a grading and an action, Can. J. Math.
28 (1976), 533-552.

31. M. Orzech, Brauer groups of graded algebras, Lecture Notes in Math. 549, Springer-
Verlag, Berlin, 1976, pp. 134-147.

32. M. Orzech and C. Small, The Brauer group of a commutative ring, Marcel Dekker, Inc.,
New York, 1975.

33. M. E. Sweedler, Cohomology of algebras over Hopf algebras, Trans. Am. Math. Soc. 133
(1968), 205-239.

34. M. E. Sweedler, Hopf Algebras, Benjamin, New York, 1969.

35. J. T. Tate, F. Oort, Group Schemes of prime order, Ann. Sci. Ec. Norm. Sup. (4iéme série)
3(1970), 1-21.

36. F. Tilborghs, The Brauer group of R-algebras which have compatible G-action and
Z X G-grading, Comm. Algebra 18 (1990), 3351-3379.

37. F. Tilborghs, An anti-homomorphism for the Brauer-Long group, Math. J. Okayma
Univ., to appear.

38. O. E. Villamayor and D. Zelinsky, Brauer groups and Amitsur cohomology for general
commutative ring extensions, J. Pure Appl. Algebra 10 (1977), 19-55.

39. C. T. C. Wall, Graded Brauer groups, J. Reine Angew. Math. 213 (1964), 187-199.

40. D. Zelinsky, Long exact sequences and the Brauer group, in Brauer Groups, Evanston
1975, Lecture Notes in Math. 549, Springer-Verlag, Berlin, 1976.



